Abstract. The aim of this paper is to present the stochastic Poisson equations associated to Lie algebroids. The obtained results are used for determination of stochastic Poisson equations associated to a refinement of a principal bundle having the affine group as structurgroup and defined by the linear group. 1
Introduction
The stochastic Poisson equations has been introduced by J. -M. Bismut in [4] for Brownian motions. These have extended for semimartingales in [5] . In the paper [8] suggest to the study of stochastic Poisson equations on Lie algebroids, to have care in that the dual space of the algebroid is endowed with a Poisson structure.
In this paper we give an answer of the above question and one obtains in a canonical way the stochastic Poisson equations on Lie algebroids. These results are used for to write the stochastic Poisson equations associated to the principal bundles which compose a tissue defined by the principal bundle of affine tangent frames on a manifold and the sequence GA(n, R) ⊃ GL(n, R) ⊃ {e = (δ i j )} , studied by Dan I. Papuc in [9] (1972; MR 53 # 4058) and Dan I. Papuc and Ion P. Popescu in [10] (1973; MR 57 # 13739). For more details concerning the tissues and refinements of a differentiable principal bundles defined by closed subgroups of the structure group can be consult the paper [7] The paper is structured as follows. In Section 2, some basic facts on manifold valued semimartingale and stochastic Poisson equations are reviewed. In Section 3 are established the stochastic Poisson equations on a Lie algebroid. The stochastic Poisson equations associated to a refinement of principal bundles defined by the affine group and linear group are described in Section 4.
The study realized in this paper may be extended to other manifolds which are equipped with Poisson structures.
Throughout this paper all the geometrical objects like, manifolds, maps and functions always be assumed to be smooth.
Manifold valued semimartingale and stochastic Poisson equation
We recall the minimal necessary backgrounds on stochastic differential geometry (for notation, concepts and further details see [3] , [8] ).
Let M be a smooth manifold of dimension n. A continuous M − valued stochastic process Γ defined on the filtered probability space (Ω, F, P, {F t } t≥0 ) is called a semimartingale if, for any f ∈ C ∞ (M ), the process f • Γ is a real valued semimartingale.
Let now V be a real vector space of dimension r. Let (M, {·, ·}) be a Poisson manifold, X : R + × Ω → V a semimartingale that takes values on V with X 0 = 0 ( X 0 is the initial value of X ), and h : M → V * is a smooth function (V * denotes the dual of V ).
Let {e a |a = 1, r} be a basis of V * , and h ∈ V * such that h = h a e a .
The Hamiltonian equation with stochastic component X, and Hamiltonian function h, is the Stratonovich differential equation:
We will refer to Γ h as the Hamiltonian semimartingale associated to h with initial condition γ 0 , ( [8] ). 
From (2.3) follows
for i = 1, n, a, b = 1, r.
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The relations (2.4) can be written in the following form:
Let (M, {·, ·}) be a Poisson manifold and the smooth functions h a ∈ C ∞ (M ), a = 0, 1, 2, ..., r. Let h : M → R r+1 be the Hamiltonian function and consider the semimartingale X : R + × Ω → R r+1 given by X(t, ω) = (t, B 1 t (ω), ..., B r t (ω)), where B a , a = 1, r are r− independent Brownian motions. Lévy's characterization of Brownian motion shows ( [4] 
In this setup, the equation (2.3) reads
These equations have been studied by Bismut in [4] in the particular case in which the Poisson manifold (M, {·,} is just the symplectic Euclidean space R 2n with the canonical symplectic form. Proposition 2.2. Let (R n , {·, ·}) be a Poisson manifold with {x i , x j } = Λ ij k x k , and h a = α ai x i , a = 1, r with α ai ∈ R. The equation (2.7) is given by
The equations (2.8) are called the stochastic Poisson equations associated to Poisson manifold (R n , {·, ·}).
Applying the relations (2.8) for the Poisson structures defined on R 3 , R 6 , R 9 one obtains the stochastic Poisson equations for the rigid body on SO(3), SO(2, 1), heavy top etc. ( [1] ).
Stochastic Poisson equations associated to a Lie algebroid
The theory of Lie algebroids has recently proved to be extremely fruitful in tackling some problems in the context of geometric mechanics ( [8] ). Recall that the dual of a Lie algebroids admits a canonical Poisson structure and, therefore, one can naturally consider Hamiltonian systems on them. According to the results and the acceptance of this new formalism we shall investigate the consequences of having stochastic processes taking values on their duals for mechanical purposes. (ii) for any a 1 , a 2 ∈ Sec(A) and smooth function f ∈ C ∞ (M ), the Leibniz identity holds:
[
, we consider the manifold M of dimension n and denote the rank of the vector bundle A with r. Recalling the construction of a canonical Poisson bracket on the dual A * of the vector bundle A ( [2] ). If one fixes local coordinates (x i ), i = 1, n over a trivializing neighborhood U ⊂ M and choose a basis of local sections {e α |α = 1, r} of the vector bundle A, then the corresponding local coordinates on A are denoted by (x i , y α ), i = 1, n, α = 1, r.
The local expression of a section a ∈ Sec(A) with to respect the basis {e α } is a = a α e α , with a α ∈ C ∞ (U ), α = 1, r. Since e α ∈ Sec(A), we have b(e α ) ∈ X(U ) and [e α , e β ] ∈ Sec(A). Then there exists the functions
[e α , e β ] = C γ αβ e γ , for α, β, γ = 1, r. The defining relations for a Lie algebroid translate into certain partially differential equations involving its structure functions.
One define a Poisson structure on A * as follows. Let {ξ α } the linear coordinates on the fibers of A * associated with the basis of local sections e α , α = 1, r. The Poisson bracket {·, ·} on C ∞ (A * ) is defined by
for i, j = 1, n, α, β, γ = 1, r. One checks that this bracket is independent of the choice of local coordinates and basis.
Let a ∈ Sec(A) be a section of the vector bundle A. Then it defines in a natural way a function f a : A * → R which is linear in the fibers and is given by
The assignement a → f a defines a Lie algebra homomorphism (Sec(A), [·, ·]) → (C ∞ (A * ), {·, ·}). Moreover, the Hamiltonian vector field associated with f a is given by
Let be the functions f s : A * → R for each s = 1, p, where
Using the relations (3.3) and (3.6), from (2.7) we obtain the stochastic Poisson equations associated to h : A * → R and f s , s = 1, p, given by
Let the tangent bundle T M → M and cotangent bundle T * M → M . The total space of the vector bundle T * M ⊕ A * has the Poisson structure {·, ·}, defined by 4 Stochastic Poisson equations associated to refinement of a principal bundle having the affine group as structure group
We start with some definitions and results of [3] that we will use later. Let π G : P → M be a left principal bundle with the Lie group G as structure group, where M = P/G. Let G the Lie algebra of the Lie group G. The associated bundle with standard fibre G, where the action of G on G is the adjoint action is called the adjoint bundle and it is denoted by G G = Ad G (P ). We let π G :
Consider now the bundle T M ⊗ G G → M and we assume that is given a ( principal) connection A G on the principal bundle π G : P → M, determined by the local functions {A a i (x)} on M. Given the basis {ε a |a = 1, p} for the Lie algebra G having {C a bc } as structure constants, one obtains the local basis {
The curvature B A G of the connection A is given by 
(4.7)
Let π G : P → M = P/G the principal bundle with the structure group G. We assume that is given a sequence N 2 = (G ⊃ K ⊃ {e}) of closed subgroups of G. If we denote η = (P, π G , M = P/G, G), then the pair (η, N 2 ) determines a refinement (η; η 01 , η 12 ) of η defined by K, where
The stochastic Poisson equations defined by the functions h :
(4.10)
Let π K : P → P/K the principal bundle having the affine group K = GL(n, R) as structure group and the local coordinates (x i , q i ) on P/K. The base of sections of the vector bundle
Let A K a connection on the principal bundle π K : P → P/K given by the functions (A k ij , B k ij ) on P/K. Using the method for determination of Poisson equations in the case of Lie algebroids one obtains the following proposition.
